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0000 OO0 Allofthese results were for convex curves only,and the extension to non-convex curves
required essentially new methods. The first results are due to Erhard Schmidt in 1939.Using analytic rather than
geometric methods,he derives several Bonnesen-type inequalities for plane domains bounded by an arbitrary
rectifiable Jordan curve([68,p.690-694]).He does not,however,obtain the inequalities of Theorems 1 and 2
above.The first method to succeed here was integral geometry. The book of Blaschke(p. 26)gives a proof of
(11)and(16)for convex curves,due to Santalo.Also using integral geometry,Hadwiger in 1941[41]obtained results
equivalent to inequalities(15)and(20) for arbitrary rectifiable Jordan curves.He does not appear to notice the
connections with Bonnesen inequalities, however,until a later paper[42],where he derives the
inequalities(12),(13),(17),(18),(22)and(23),but only for convex domains. In the meanwhile,in the same volume of
the journal that contains the first of Hadwiger's papers,there appeared a fundamental paper of Fiala.In it Fiala
develops another method for proving Bonnesen inequalities for non-convex curves. That is the method of interior
parallels,and,except for the proof of Theorem 3 above, it is the method used here.Fiala's principal focus is on
obtaining isoperimetric inequalities on curved surfaces (see Section B below),but his paper applies in particular to
the plane and is the first to give explicitly(on p.336)(11)and(14) for non-convex curves.His proof is for analytic
Jordan curves.One could then obtain the result for more general curves by approximation.
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